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6. PARABOLAS 
 

§6.1. Conic Sections 
 Suppose we have two lines, a, x, in ℝ3 that intersect 

at O. A (double, infinite) cone is the surface obtained by 

rotating x about a. 

 

 

 

 

 

 

 

 Taking the vertex to be the origin, and the axis to 

be the line x = y = 0, the equation of the cone is: 

x2 + y2 = kz2 where k > 0. 

 A conic section, or conic, is a curve obtained by 

the intersection of the cone with a plane . 

 

 An alternative definition of a conic is that it is a 

curve with the property that there exists a point, F, called 

a focus, and a line, h, called a directrix, such that the 

curve is the set of all points P such that if M is the foot of 

the perpendicular from P to h, FP = ePM for some fixed 

real number, e, called the eccentricity. 
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A tangent to a conic can be defined to be a line that 

intersects the conic in exactly one point. This doesn’t 

coincide completely to the calculus definition of a tangent 

to a curve in that a tangent to a cubic can intersect the 

cubic at a point other than the point of contact. However 

for conics, these two definitions coincide. For the sake of 

our poor disembodied angel we will avoid calculus and 

use this alternative definition. 

 We define the point of contact of a tangent to be 

the sole point of intersection. 

 

§6.2. Equation of a Parabola 
  The eccentricity of a parabola is 1. Let the focus 

be (a, 0) and the directrix to be x = − a. Then if P(x, y) lies 

on the parabola, (x − a)2 + y2 = (x + a)2. 

 Hence x2 − 2ax + a2 + y2 = x2 + a2 +2ax whence 

y2 = 4ax. 
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 The latus rectum of a parabola is the line through 

the focus, parallel to the directrix. 

For the parabola y2 = 4ax it is the line x = a. 

 

Theorem 1: The line y = mx + c is tangent to the parabola 

y2 = 4ax if and only if mc = a. The point of contact of the 

tangent is  






a

m2 , 
2a

m
 . 

Proof: We could use calculus, but it is simpler to use the 

definition that a tangent has a single point of intersection 

with the curve. 

 Of course there’s one tangent that’s not included in 

the above, namely the tangent at x = 0, which has equation 

x = 0. 

 The point of intersection of the line y = mx + c with 

the parabola y2 = 4ax occurs when (mx + c)2 = 4ax. 

Writing this as a quadratic in x we have: 

m2x2 + 2x(mc − 2a) + c2 = 0. 

This has only one solution when its discriminant is zero, 

that is when 4(mc − 2a)2 − 4m2c2 = 0. This occurs exactly 

when mc = a. 

 

 The point of contact occurs when x is the sole 

solution of the above quadratic, which is at 

x = − 
2(mc − 2a)

2m2   = 
a

m2 . 

The point of contact is thus at (x0, y0) where x0 = 
a

m2 and 
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y0
2 = 4ax0 = 

4a2

m2  , which gives y0 =  
2a

m
 . 

Now the line yy0 = 2a(x + x0) clearly passes through the 

point (x0, y0), since y0
2 = 4ax0 and its slope is 

2a

y0
 . 

If y0 = 
2a

m
  then m = 

2a

y0
 and so this line must be the tangent. 

If y0 = − 
2a

m
  then m = − 

2a

y0
  and so again this line must be 

the tangent. 

Theorem 2: The tangent to y2 = 4ax at (x0, y0) is 

yy0 = 2a(x + x0). 

Proof: Let this tangent be y = mx + c. 

                                             = 






2a

y0
 x + c. 

This is yy0 = 2ax + y0c = 2ax + 






2a

m
 






a

m
  

                                     = 2ax + 2a






a

m2   

                                     = 2ax + 2ax0. 

 

§6.3. Parameters 
 Things are often complicated by the fact that for 

every x value, with x > 0, there are two y-values. To 

simplify matters we introduce a parameter, t. 

 If x = at2, and y = 2at then (x, y) lies on the parabola 

y2 = 4ax. For t < 0 the point lies below the x-axis. As the 

point (x, y) moves left, along the bottom half of the 

parabola, t increases until at t = 0 we are at the origin, the 
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vertex. Then if t continues to increase we are taken from 

left to right along the top half of the parabola. 

Theorem 3: The slope of the tangent at (at2, 2at) is 
1

t
 . 

Proof: From the above we have the slope at y = y0 being 

m =  
2a

y0
 . But m and y0 have the same sign (negative 

below the x-axis and positive above) so in fact m = 
2a

y0
 . 

Putting y0 = 2at0 we get m = 
1

t0
 . 

 

 The subtangent at a point P to a parabola is the 

distance TQ where T is the point of intersection of the 

tangent at P and the axis of the parabola and Q is the foot 

of the perpendicular from P to that axis. 

 The subnormal at P is the distance QN where N is 

the point of intersection of the normal at P with the axis. 

 

Theorem 4: The subtangent to the parabola y2 = 4ax at 

P(at2, 2at) is 2at2 and the subnormal is 2a. 

Proof: The tangent at P has equation: 

y − 2at = 
1

t
 (x − at2). 

It cuts the axis at (−at2, 0), so the subtangent is 2at2. 

The normal at P has equation: 

y − 2at = (−t)(x − at2). 

It cuts the axis at (at2 + 2a, 0), so the subnormal is 2a. 
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§6.4. Chords of Parabolas 
 A chord of a parabola is a line joining two points 

on the parabola. 

 

Theorem 5: The line joining the midpoints of two parallel 

chords is parallel to the axis of the parabola. 

Proof: Let P(ap2, 2ap), Q(aq2, 2aq), R(ar2, 2ar) and 

S(as2, 2as)  be four points on the parabola. 

 The slope of PQ is 
2a(q − p)

a(q2 − p2)
  = 

2

p + q
 . 

If these chords are parallel then p + q = r + s. 

The y-coordinates of the midpoints of PQ and RS are 

a(p + q) and a(r + s) respectively. But these are equal and 

so the line joining the midpoints is parallel to the axis. 

Corollary: The midpoints of a collection of parallel 

chords are collinear. 

 

 This gives a convenient method for constructing 

the axis of a parabola by ruler and compass, if we are just 

given the parabola itself. We construct two parallel chords 

and join their midpoints. This line will be parallel to the 

axis. Now construct two chords perpendicular to this line. 

The midpoints of these chords will be the axis itself. 

 

§6.5. Parabolic Mirrors 
 The parabolic shape is of great importance in 

astronomy, as the basis of a reflector telescope. A 

parabolic shape is the surface obtained when a parabola is 

rotated about its axis. 
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Theorem 6: Let P be any point on a parabola. The angle 

between the line joining P to the focus and the normal at 

P is equal to the angle between the normal at P and the 

line through P parallel to the axis. 

Proof: Let the parabola be y2 = 4ax. 

The focus is at F(a, 0). 

Let P be (at2, 2at). The slope of the normal at P will be −t. 

Suppose PR is a ray parallel to the x-axis. Our aim is to 

show that ∠FPN = ∠NPR. 

Now PF2 = (2at)2 + (a − at2)2 = (a + at2)2, so PF = TF. 

Thus PFT is isosceles and so FTP = TPF. 

But FTP = RPB (corresponding) 

so FPN = 90 − TPF (as PT ⊥ PN) 

                = 90 − FTP (as PF = TF) 

                = 90 − RPB (as PR || TF) 

                = NPR (as PF ⊥ PR). 
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